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System of linear equations
Given an             matrix     , an         dimensional vector     and the 
equation 

that is              , solve for                 .     

The best general purpose classical algorithm (Conjugate Gradient) has         
complexity             , where is the condition number of    .

N ⇥N A ~b
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Given the classical system of linear equations prepare an                               
-approximation of a quantum state

where                 ,                                   .
Good for obtaining global properties of the solution via            .
Best algorithms for this problem have complexity:                      .

✏

A~x = ~b

Harrow, Hassidim, Lloyd 
PRL 103, 150502 (2009)

qubits sufficient.log(N)

Quantum linear systems problem (QLSP)

~x = (x1, x2, . . . , xN )
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Given the classical system of linear equations prepare an                               
-approximation of a quantum state

where                 ,                                   .
The approximate (pure or mixed) quantum state       satisfies

✏

A~x = ~b

Harrow, Hassidim, Lloyd 
PRL 103, 150502 (2009)

qubits sufficient.log(N)

Quantum linear systems problem (QLSP)

~x = (x1, x2, . . . , xN )
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Assumptions:
• is invertible: condition number  
• .
• is Hermitian (trivial generalization to non-Hermitian).
• Sparse        can be computed efficiently (or          implemented efficiently)

Let        be a procedure that prepared the state

A  < 1
kAk  1

A

Quantum linear systems problem (QLSP)

Ub
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BQP-Complete -> Potential for exponential quantum speed-up!

Relevant to many fields: Solving differential equations, quantum machine learning, 
large sparse network problems,...

BUT!
A number of assumptions must be made in order to obtain quantum speedups. These 
assumptions include:
• efficient preparation of certain states, i.e. 
• nice scaling of the condition number
• solving certain problems like computing expectation values

For these reasons, shown quantum speedups are typically polynomial. 

Potential & Caveats

Aaronson (2015) "Read the fine print"
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• Determining the quality of a least-squares fit. Wiebe et al. (2012)

• Analyzing large sparse electrical networks. Wang (2013)

• Solving systems of linear ordinary differential equation. Berry et al. (2017) 

• Estimating the hitting time of a Markov chain. Chowdhury et al. (2017) 

• Computing electromagnetic scattering cross section of a target. Clader et al. (2013)

Ø Resource analysis of HHL algorithm by Scherer et al. (2017):

qubits,           gates, and           measurements. N = 332, 020, 680, ✏ = 0.01, 341 1025 1021

Applications



Main Subroutines
• Hamiltonian simulation 
• Phase estimation / Linear 

Combination of Unitaries
• Amplitude Amplification / Variable-

time Amplitude Amplification 

Previous Results
• Harrow, Hassidim, Lloyd (2008)

• Ambainis (2012)

• Childs, Kothari, Somma (2017)

QLSP Algorithms
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Main Subroutines
• Hamiltonian simulation 
• Phase estimation / Linear 

Combination of Unitaries
• Amplitude Amplification / Variable-

time Amplitude Amplification
Ancillary qubits: 

Previous Results
• Harrow, Hassidim, Lloyd (2008)

• Ambainis (2012)

• Childs, Kothari, Somma (2017)

QLSP Algorithms

⌦(log(1/✏) log(/✏)/✏2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="8FCJh9gdZWnUjE0etsuzfQZK3no="></latexit>
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QLSP Algorithms

<latexit sha1_base64="MxcKZEhjg9BVICGlrV1nLtVFG6Q="></latexit>
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Within two weeks of posting our result, Wen et al. PRA (2019) implemented our 
algorithm in NMR to solve an 8x8 QLSP.
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• Bravo-Prieto et al. (19)
• Yuan et al. (19) 
• Rebentrost et al. (19)
• An, Lin (19)

Geared towards NISQ devices.
Heuristic algorithms, scaling poorly understood.

Variational Algorithms



An AQC-inspired algorithm

YS, R.D. Somma, D. Orsucci
PRL 122, 060504 (2019) 
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(Our starting point is AQC, but we will use a variant in our algorithm.)

At initial time prepare the ground state of a simple Hamiltonian

Design a final Hamiltonian whose ground state is the desired output of the computation. 

Interpolate from        to         with              s.t. .

Adiabatic theorem: if the interpolation is done slow enough the                                      
final ground state           can be prepared with high probability. 

Slow enough means

Hi | ii = Ei | ii

Hf | f i = Ef | f i

Hi Hf H(s) H(0)=Hi & H(1)=Hf

| f i

T ⇠ O(1/�2)

Adiabatic Quantum Computing

�
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For now assume              . 

Let                                . Observe that

Define                                           .

• Hermitian

• Positive-semidefinite                  is a GS

• GS is unique

QLSP – Finding the final Hamiltonian
A > 0
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Define           which interpolates between identity and

The parametrized Hamiltonian becomes

And the eigenpath is

That is, for each value of    , the GS encodes the solution of the LSP 

QLSP – Finding an interpolation 
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: lower bound on the gap
GAP ANALYSIS:



Spectral gap amplification
Time complexity of algorithms based on adiabatic evolution is dictated by the minimum gap. 
By increasing the gap we can reduce the complexity. 
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<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="miA7JITAi7iqQ1rRmNydZpJD/94="></latexit>

h0| (H 0(s))2 |0i = H(s)

The gap of        is quadratically bigger than that of     . 
<latexit sha1_base64="G6mmLSGSQCq4KTFoaOmeIRed6q0="></latexit>

H
0 <latexit sha1_base64="lLpKd5YuMxkXWxvM7Hn2nm2JsDI="></latexit>

H



Time complexity of algorithms based on adiabatic evolution is dictated by the minimum gap. 
By increasing the gap we can reduce the complexity. 

|0i ⌦ |xi

|0i ⌦ |bi

|0i ⌦ |x(s)i

Spectral gap amplification (Somma, Boixo 2013) 

<latexit sha1_base64="QNFxISdNmYPHp8aJVub6TvnSveo="></latexit>

H
0(s) =

✓
0 A(s)P?

b
P

?
b A(s) 0

◆



One can use any method to follow the eigenstates of Hamiltonians            and            . 

Using adiabatic evolution, the time complexity can be upper-bounded by                 

Eigenpath traversal

H
0(s)

<latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit>

O(1/�2)
<latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit>

1

2
 �(s)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1


 �0(s)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H(s)
<latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit>

H
0(s)

<latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit>

T = O(2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T = O(4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H(s)
<latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit>



One can use any method to follow the eigenstates of Hamiltonians            and            . 

Using adiabatic evolution, the time complexity can be upper-bounded by                 

We achieve                                                                                                    using the 
randomization method.

Eigenpath traversal

H(s)
<latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit>

H
0(s)

<latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit>

O(1/�2)
<latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit>

1

2
 �(s)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1


 �0(s)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H(s)
<latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit>

H
0(s)

<latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit>

T = O(2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T = O(4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="hsrhqrF+cPIqfpzc1gUSE9AowWk="></latexit>

T = Õ()
<latexit sha1_base64="mfK/2rop80ZMLOwJvbd8zXZPKyg="></latexit>

T = Õ(2)



One can use any method to follow the eigenstates of Hamiltonians            and            . 

Using adiabatic evolution, the time complexity can be upper-bounded by                 

We achieve using the 
randomization method.
(A careful analysis by An, Lin (2019) obtained the same scaling with AQC by choosing a 
proper scheduling function.)

Eigenpath traversal

H(s)
<latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit>

H
0(s)

<latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit>

O(1/�2)
<latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit><latexit sha1_base64="t0OHMGLzwjGyfIkBre2bsyJtGHI="></latexit>

1

2
 �(s)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1


 �0(s)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

H(s)
<latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit><latexit sha1_base64="t7Yd3+OA8UixxpCmp2UIfdRvTuQ="></latexit>

H
0(s)

<latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit><latexit sha1_base64="9XIrhbAqrWEbVaJHIoRIo6eglLE="></latexit>

T = O(2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

T = O(4)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="hsrhqrF+cPIqfpzc1gUSE9AowWk="></latexit>

T = Õ()
<latexit sha1_base64="mfK/2rop80ZMLOwJvbd8zXZPKyg="></latexit>

T = Õ(2)



Randomization Method

Quantum Zeno Effect: By performing a sequence of energy measurements wrt
sufficiently close Hamiltonians, we can stay in the corresponding eigenspace. 

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s0 = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sq = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

. . .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|x(0)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|x(1)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Boixo, Knill, Somma 2009) 



Randomization Method

Quantum Zeno Effect: By performing a sequence of energy measurements wrt
sufficiently close Hamiltonians, we can stay in the corresponding eigenspace. 
Imperfect measurements can be simulated by evolving with the corresponding 
Hamiltonian for random time. This reduces coherences between eigenstates and 
thereby simulates a measurement. 

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s0 = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sq = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

. . .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|x(0)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|x(1)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Boixo, Knill, Somma 2009) 

⇢ =
X

n,n0

⇢nn0 |EnihEn0 | �!
X

n,n0

⇢nn0

✓Z
dtPr(t)e�i(En�En0 )t

◆
|EnihEn0 |

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Randomization Method

Quantum Zeno Effect: By performing a sequence of energy measurements wrt
sufficiently close Hamiltonians, we can stay in the corresponding eigenspace. 
Imperfect measurements can be simulated by evolving with the corresponding 
Hamiltonian for random time. This reduces coherences between eigenstates and 
thereby simulates a measurement. 

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s0 = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sq = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

. . .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|x(0)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|x(1)i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(Boixo, Knill, Somma 2009) 

⇢ =
X

n,n0

⇢nn0 |EnihEn0 | �!
X

n,n0

⇢nn0

✓Z
dtPr(t)e�i(En�En0 )t

◆
|EnihEn0 |

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

⇡ �nn0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="L/vD1S+7GViKlIpERKruhpccTnk="></latexit>

Unif [0, 2⇡/�]



Given condition number      and precision      

Ø Set                                  

Ø For                           ,  let 

and       be sampled from the uniform distribution      

Ø Apply                                                   to        .

The average time complexity is                                                              .

Algorithm 1


<latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit><latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit><latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit><latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit> ✏

<latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit><latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit><latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit><latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit>

|bi
<latexit sha1_base64="S5uvEM5Me6ZLPzqR8cxJ+2cS7Hc="></latexit><latexit sha1_base64="S5uvEM5Me6ZLPzqR8cxJ+2cS7Hc="></latexit><latexit sha1_base64="S5uvEM5Me6ZLPzqR8cxJ+2cS7Hc="></latexit><latexit sha1_base64="S5uvEM5Me6ZLPzqR8cxJ+2cS7Hc="></latexit>

T :=
qX

j=1

htji = O
�

2 log()/✏

�

<latexit sha1_base64="eRfG4r0roLJdmmr+mBzEqlAWp1I="></latexit><latexit sha1_base64="eRfG4r0roLJdmmr+mBzEqlAWp1I="></latexit><latexit sha1_base64="eRfG4r0roLJdmmr+mBzEqlAWp1I="></latexit><latexit sha1_base64="eRfG4r0roLJdmmr+mBzEqlAWp1I="></latexit>

Bound on the gap

e�itqH(sq) . . . e�it1H(s1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

tj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>


0,

2⇡

�⇤(sj)

�

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

q = ⇥(log2()/✏)
<latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit><latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit><latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit><latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit>

j = 1, . . . , q
<latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit><latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit><latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit><latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit>

<latexit sha1_base64="e/aIHhST2OVwYuFPmLM6L8kbZzs="></latexit>

sj =
1� �j/q

1� �1

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s0 = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sq = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

. . .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="TPJvIvGmhYhkck2SGG2Dv2XkyMc="></latexit>

|bi <latexit sha1_base64="afnJi7IWaDAWN1zpTZbKZjLnokE="></latexit>

e�it1H(s1)

<latexit sha1_base64="jWo7YnX/Zx2aTjRmN2EZ5u5evDs="></latexit>

e�it2H(s2)

<latexit sha1_base64="y2xVCnR4oS3MFF0wKujZWf68JfY="></latexit>

|xi



Given condition number      and precision      

Ø Set                                  

Ø For                           ,  let 

and       be sampled from the uniform distribution      

Ø Apply                                                    to                     .

The average time complexity is

Algorithm 2 (with spectral gap amplification)

q = ⇥(log2()/✏)
<latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit><latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit><latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit><latexit sha1_base64="bZtR2InzkptfTEFO9zC5/4/nYeU="></latexit>

j = 1, . . . , q
<latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit><latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit><latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit><latexit sha1_base64="lEvtnN0wASBI75JHsJjuEIQyMik="></latexit>

|0i ⌦ |bi
<latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit><latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit><latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit><latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit>

T :=
qX

j=1

htji = O ( log()/✏)
<latexit sha1_base64="YvhsnM2576TDD1mwa5lyslNZIOg="></latexit><latexit sha1_base64="YvhsnM2576TDD1mwa5lyslNZIOg="></latexit><latexit sha1_base64="YvhsnM2576TDD1mwa5lyslNZIOg="></latexit><latexit sha1_base64="YvhsnM2576TDD1mwa5lyslNZIOg="></latexit>

Bound on the 
amplified gap

e�itqH
0(sq) . . . e�it1H

0(s1)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

tj
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

"
0,

2⇡p
�⇤(sj)

#

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>


<latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit><latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit><latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit><latexit sha1_base64="JvUAGWiG8SC7pplTfoqzHVIsAGc="></latexit> ✏

<latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit><latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit><latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit><latexit sha1_base64="fpNF0IQoeNrUubbCw28PnnboElM="></latexit>

<latexit sha1_base64="e/aIHhST2OVwYuFPmLM6L8kbZzs="></latexit>

sj =
1� �j/q

1� �1

s1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s2
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

s0 = 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

sq = 1
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

. . .
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="afnJi7IWaDAWN1zpTZbKZjLnokE="></latexit>

e�it1H(s1)

<latexit sha1_base64="jWo7YnX/Zx2aTjRmN2EZ5u5evDs="></latexit>

e�it2H(s2)

|0i ⌦ |bi
<latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit><latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit><latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit><latexit sha1_base64="4FLe9dqwLIo3tEbkoGBx4Lw4iog="></latexit>

<latexit sha1_base64="+OHwtEzdA+RVRv5r+wper4WnwMw="></latexit>0

<latexit sha1_base64="+OHwtEzdA+RVRv5r+wper4WnwMw="></latexit>0

<latexit sha1_base64="kNb67LKLMqAqTEl2z5pUNXSRtzc="></latexit>

|0i ⌦ |xi



Let                           ,

and                .

|bi / |� = 1i+ 1


|� = 1/i

<latexit sha1_base64="T9uSA3SsjqeklbgypowYylGHHY0="></latexit><latexit sha1_base64="RGQkLU/XMXcnEGbiqtNSPWb8V+8="></latexit><latexit sha1_base64="RGQkLU/XMXcnEGbiqtNSPWb8V+8="></latexit><latexit sha1_base64="3xjAiskYnogDf24HHQl9Vm+Z2Fo="></latexit>

 = 10
<latexit sha1_base64="8NV8lburlGyhx448zrnLJ7gLFbE="></latexit><latexit sha1_base64="LTi6NjhhCY/SAf4DNGZx1fEpd/0="></latexit><latexit sha1_base64="LTi6NjhhCY/SAf4DNGZx1fEpd/0="></latexit><latexit sha1_base64="B0Mm6dUonFUHi29Z4Vb9GjDLEko="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

A |�i = � |�i
<latexit sha1_base64="tx/igC9uclmo0CFECZoyxq9x14o="></latexit><latexit sha1_base64="hjoPxxFF7kk0fMfQhDauXr8q5JA="></latexit><latexit sha1_base64="hjoPxxFF7kk0fMfQhDauXr8q5JA="></latexit><latexit sha1_base64="o1dU3XMjwV7pQyYgGpVQbHnJt1c="></latexit>

The dynamics is restricted 
to a two-dimensional 
Hilbert space.

Consider 7 steps of RM: 

|xi / |� = 1i+ |� = 1/i
<latexit sha1_base64="cbT577HwCVDcsHY7C5wZhMd8V2E="></latexit><latexit sha1_base64="8xiGypwQ+YopCzfun8B3o0OfX/I="></latexit><latexit sha1_base64="8xiGypwQ+YopCzfun8B3o0OfX/I="></latexit><latexit sha1_base64="1kuTTWnLXMrUaQIR20mm5JMLEu4="></latexit>

q = 7
<latexit sha1_base64="Fjsl98Aa2okrAlE52S106pLQzjI="></latexit><latexit sha1_base64="9aY7TPpK8w0yyJhfJGsYmoj8Nok="></latexit><latexit sha1_base64="9aY7TPpK8w0yyJhfJGsYmoj8Nok="></latexit><latexit sha1_base64="BBXDEA0MqztQ0JLPK7w8UOwu0KE="></latexit>

Example

|� = 1i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

|� = 1/i
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example
s0 = 0

<latexit sha1_base64="/Evmmhr+jn228MBAd4wB35FkVJI="></latexit><latexit sha1_base64="GoFBtuP3Oc8YV1+Fv3QegiqWHGE="></latexit><latexit sha1_base64="GoFBtuP3Oc8YV1+Fv3QegiqWHGE="></latexit><latexit sha1_base64="Xg6o0hpG+o4FIZaQiXw6yCSjxsw="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>



Example
s1 ⇡ 0.36

<latexit sha1_base64="ENx00BxWEE9MQ2+Dv67l6Plog7w="></latexit><latexit sha1_base64="6wYuCxcn1rzKl8+soe6kgFSCeVU="></latexit><latexit sha1_base64="6wYuCxcn1rzKl8+soe6kgFSCeVU="></latexit><latexit sha1_base64="x7NjsN1t1pinoTagcgF36Btr/6w="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t1 2 [0, 13.6] �! t1 = 9.74
<latexit sha1_base64="djwNChYzrZEyKvVdUIPmENrd9GE="></latexit><latexit sha1_base64="Y7zNpVtsNk8aYXXlTahcwF3Es8U="></latexit><latexit sha1_base64="Y7zNpVtsNk8aYXXlTahcwF3Es8U="></latexit><latexit sha1_base64="mdFH0/mxLUwkNutF+8n2tp2ZXPc="></latexit>



Example
s1 ⇡ 0.36

<latexit sha1_base64="ENx00BxWEE9MQ2+Dv67l6Plog7w="></latexit><latexit sha1_base64="6wYuCxcn1rzKl8+soe6kgFSCeVU="></latexit><latexit sha1_base64="6wYuCxcn1rzKl8+soe6kgFSCeVU="></latexit><latexit sha1_base64="x7NjsN1t1pinoTagcgF36Btr/6w="></latexit>

t1 2 [0, 13.6] �! t1 = 9.74
<latexit sha1_base64="djwNChYzrZEyKvVdUIPmENrd9GE="></latexit><latexit sha1_base64="Y7zNpVtsNk8aYXXlTahcwF3Es8U="></latexit><latexit sha1_base64="Y7zNpVtsNk8aYXXlTahcwF3Es8U="></latexit><latexit sha1_base64="mdFH0/mxLUwkNutF+8n2tp2ZXPc="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>



Example
s2 ⇡ 0.59

<latexit sha1_base64="2Fk1HMgP12HQKqJckdsRfnjClks="></latexit><latexit sha1_base64="ryETOt6UodwNB2Vr9dWEiZeRGl0="></latexit><latexit sha1_base64="ryETOt6UodwNB2Vr9dWEiZeRGl0="></latexit><latexit sha1_base64="Q6bjB+jrFoFWtrnkysjU+WelxMA="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t2 2 [0, 28.2] �! t2 = 17.0
<latexit sha1_base64="3f4B5Ck9EMto7Qg34rUYsSZj/QY="></latexit><latexit sha1_base64="fmhHSRvOfFubKsXQ/J03wVsZ8vg="></latexit><latexit sha1_base64="fmhHSRvOfFubKsXQ/J03wVsZ8vg="></latexit><latexit sha1_base64="2B7LUHQisPrR/fvs28Jo5Bt4L+A="></latexit>



Example

t2 2 [0, 28.2] �! t2 = 17.0
<latexit sha1_base64="3f4B5Ck9EMto7Qg34rUYsSZj/QY="></latexit><latexit sha1_base64="fmhHSRvOfFubKsXQ/J03wVsZ8vg="></latexit><latexit sha1_base64="fmhHSRvOfFubKsXQ/J03wVsZ8vg="></latexit><latexit sha1_base64="2B7LUHQisPrR/fvs28Jo5Bt4L+A="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

s2 ⇡ 0.59
<latexit sha1_base64="2Fk1HMgP12HQKqJckdsRfnjClks="></latexit><latexit sha1_base64="ryETOt6UodwNB2Vr9dWEiZeRGl0="></latexit><latexit sha1_base64="ryETOt6UodwNB2Vr9dWEiZeRGl0="></latexit><latexit sha1_base64="Q6bjB+jrFoFWtrnkysjU+WelxMA="></latexit>



Example
s3 ⇡ 0.74

<latexit sha1_base64="odILiFAdF34e4W2KHhFHFHgzKDk="></latexit><latexit sha1_base64="b4oXaKes2aQqDxOFyvehRENi3WU="></latexit><latexit sha1_base64="b4oXaKes2aQqDxOFyvehRENi3WU="></latexit><latexit sha1_base64="vkka6fevd6Ms25uEUQiUEXHFGmQ="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t3 2 [0, 55.2] �! t3 = 30.1
<latexit sha1_base64="cAHH7TqeyAWfHu6XL7G7vYNDIVQ="></latexit><latexit sha1_base64="qQ25KQfi++Kly9UrP2GbI+o4xp0="></latexit><latexit sha1_base64="qQ25KQfi++Kly9UrP2GbI+o4xp0="></latexit><latexit sha1_base64="98zpxc97aJiBJhsdT5JHa7rPwgU="></latexit>



Example

t3 2 [0, 55.2] �! t3 = 30.1
<latexit sha1_base64="cAHH7TqeyAWfHu6XL7G7vYNDIVQ="></latexit><latexit sha1_base64="qQ25KQfi++Kly9UrP2GbI+o4xp0="></latexit><latexit sha1_base64="qQ25KQfi++Kly9UrP2GbI+o4xp0="></latexit><latexit sha1_base64="98zpxc97aJiBJhsdT5JHa7rPwgU="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

s3 ⇡ 0.74
<latexit sha1_base64="odILiFAdF34e4W2KHhFHFHgzKDk="></latexit><latexit sha1_base64="b4oXaKes2aQqDxOFyvehRENi3WU="></latexit><latexit sha1_base64="b4oXaKes2aQqDxOFyvehRENi3WU="></latexit><latexit sha1_base64="vkka6fevd6Ms25uEUQiUEXHFGmQ="></latexit>



Example
s4 ⇡ 0.83

<latexit sha1_base64="gPBf/tG2FHo+Fi3MBgoVkceCJVc="></latexit><latexit sha1_base64="Xbf9cDBRV1XTkBlM+edlvT+I1O0="></latexit><latexit sha1_base64="Xbf9cDBRV1XTkBlM+edlvT+I1O0="></latexit><latexit sha1_base64="vb4im//7J1IpGR/8FnbGtWOfEsQ="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t4 2 [0, 102.2] �! t4 = 43.3
<latexit sha1_base64="BSMU74bf7Ne8jm0sNOXqjzqCqVQ="></latexit><latexit sha1_base64="Y6lIclHFlZNj0jym9UXKq+epE9A="></latexit><latexit sha1_base64="Y6lIclHFlZNj0jym9UXKq+epE9A="></latexit><latexit sha1_base64="roa4hSN2SvWMYY8L6E4X5l21BNc="></latexit>



Example

t4 2 [0, 102.2] �! t4 = 43.3
<latexit sha1_base64="BSMU74bf7Ne8jm0sNOXqjzqCqVQ="></latexit><latexit sha1_base64="Y6lIclHFlZNj0jym9UXKq+epE9A="></latexit><latexit sha1_base64="Y6lIclHFlZNj0jym9UXKq+epE9A="></latexit><latexit sha1_base64="roa4hSN2SvWMYY8L6E4X5l21BNc="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

s4 ⇡ 0.83
<latexit sha1_base64="gPBf/tG2FHo+Fi3MBgoVkceCJVc="></latexit><latexit sha1_base64="Xbf9cDBRV1XTkBlM+edlvT+I1O0="></latexit><latexit sha1_base64="Xbf9cDBRV1XTkBlM+edlvT+I1O0="></latexit><latexit sha1_base64="vb4im//7J1IpGR/8FnbGtWOfEsQ="></latexit>



Example
s5 ⇡ 0.90

<latexit sha1_base64="3u+3sTCXp3oxXaEO7wewHIwI0TU="></latexit><latexit sha1_base64="SV6ROOYwKEHYFAncN/FFvr3JGtE="></latexit><latexit sha1_base64="SV6ROOYwKEHYFAncN/FFvr3JGtE="></latexit><latexit sha1_base64="0xKplzBkftbFflxCkeIRvmrOX94="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t5 2 [0, 181.0] �! t5 = 116.9
<latexit sha1_base64="hOPHHXTCegsWan7TKZFg3FBy2B4="></latexit><latexit sha1_base64="acwb/0QL2BaBHWqSrbI/VmNaxiM="></latexit><latexit sha1_base64="acwb/0QL2BaBHWqSrbI/VmNaxiM="></latexit><latexit sha1_base64="LEvbc8JizxV93hIqUjl2kNX+4vg="></latexit>



Example

t5 2 [0, 181.0] �! t5 = 116.9
<latexit sha1_base64="hOPHHXTCegsWan7TKZFg3FBy2B4="></latexit><latexit sha1_base64="acwb/0QL2BaBHWqSrbI/VmNaxiM="></latexit><latexit sha1_base64="acwb/0QL2BaBHWqSrbI/VmNaxiM="></latexit><latexit sha1_base64="LEvbc8JizxV93hIqUjl2kNX+4vg="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

s5 ⇡ 0.90
<latexit sha1_base64="3u+3sTCXp3oxXaEO7wewHIwI0TU="></latexit><latexit sha1_base64="SV6ROOYwKEHYFAncN/FFvr3JGtE="></latexit><latexit sha1_base64="SV6ROOYwKEHYFAncN/FFvr3JGtE="></latexit><latexit sha1_base64="0xKplzBkftbFflxCkeIRvmrOX94="></latexit>



Example
s6 ⇡ 0.96

<latexit sha1_base64="1DBUwgx1N47SemDbmr9EKeQUbhk="></latexit><latexit sha1_base64="Et6uL3in6yQqhZ1QxD84/vW3gdk="></latexit><latexit sha1_base64="Et6uL3in6yQqhZ1QxD84/vW3gdk="></latexit><latexit sha1_base64="JAMMHz9OOk/fA7x0d9U6PA1hhow="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t6 2 [0, 320.3] �! t6 = 140.2
<latexit sha1_base64="eca/XV5gk98e8btZ/j5MX7wuo8c="></latexit><latexit sha1_base64="HJHhnUpI20/DAEll/ykLUHzmHos="></latexit><latexit sha1_base64="HJHhnUpI20/DAEll/ykLUHzmHos="></latexit><latexit sha1_base64="Do6lXyWvJS3GyoqVG9ZhhwPV2D4="></latexit>



Example

t6 2 [0, 320.3] �! t6 = 140.2
<latexit sha1_base64="eca/XV5gk98e8btZ/j5MX7wuo8c="></latexit><latexit sha1_base64="HJHhnUpI20/DAEll/ykLUHzmHos="></latexit><latexit sha1_base64="HJHhnUpI20/DAEll/ykLUHzmHos="></latexit><latexit sha1_base64="Do6lXyWvJS3GyoqVG9ZhhwPV2D4="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

s6 ⇡ 0.96
<latexit sha1_base64="1DBUwgx1N47SemDbmr9EKeQUbhk="></latexit><latexit sha1_base64="Et6uL3in6yQqhZ1QxD84/vW3gdk="></latexit><latexit sha1_base64="Et6uL3in6yQqhZ1QxD84/vW3gdk="></latexit><latexit sha1_base64="JAMMHz9OOk/fA7x0d9U6PA1hhow="></latexit>



Example
s7 ⇡ 1.0

<latexit sha1_base64="7GFp74IER37yEG3Y9elYcBWjZnk="></latexit><latexit sha1_base64="CSyO/NZ1lm30NV983oO/kqbRx7E="></latexit><latexit sha1_base64="CSyO/NZ1lm30NV983oO/kqbRx7E="></latexit><latexit sha1_base64="JNLVxXNQCMbfFO0OLCbDibGGV8Y="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

t7 2 [0, 628.3] �! t7 = 560.3
<latexit sha1_base64="SywfWfQd0jPgZ6Vg4Bh5Wz903iU="></latexit><latexit sha1_base64="iDRJfoYZMiBGlXk166+3MBuzBkk="></latexit><latexit sha1_base64="iDRJfoYZMiBGlXk166+3MBuzBkk="></latexit><latexit sha1_base64="BuHWiaDlexwX+on0cbgHrOcTb8s="></latexit>



Example

t7 2 [0, 628.3] �! t7 = 560.3
<latexit sha1_base64="SywfWfQd0jPgZ6Vg4Bh5Wz903iU="></latexit><latexit sha1_base64="iDRJfoYZMiBGlXk166+3MBuzBkk="></latexit><latexit sha1_base64="iDRJfoYZMiBGlXk166+3MBuzBkk="></latexit><latexit sha1_base64="BuHWiaDlexwX+on0cbgHrOcTb8s="></latexit>

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

s7 ⇡ 1.0
<latexit sha1_base64="7GFp74IER37yEG3Y9elYcBWjZnk="></latexit><latexit sha1_base64="CSyO/NZ1lm30NV983oO/kqbRx7E="></latexit><latexit sha1_base64="CSyO/NZ1lm30NV983oO/kqbRx7E="></latexit><latexit sha1_base64="JNLVxXNQCMbfFO0OLCbDibGGV8Y="></latexit>



Example

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

Sample run of the Randomization Method



Example

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

Sample run of the Randomization Method



Example

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

Sample run of the Randomization Method



Example

|bi
<latexit sha1_base64="j9MNMAZ3hwJ+ldcIWTTUCrZyduY="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="tJB92PAT5oEDvTF9aNKvktEvmJM="></latexit><latexit sha1_base64="8UlFHXWRwkHHY2Xjag0kKxSOZfs="></latexit>

|xi
<latexit sha1_base64="TgNWilI64CfwoN3yQ7m/iFOGBeg="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="H4tzmWUhRPhFbUwVt6+O2W6rn8Q="></latexit><latexit sha1_base64="1UtgEFAwNgUQ+lyTk4aJ01psI/s="></latexit>

Sample run of the Randomization Method



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s0 = 0
<latexit sha1_base64="/Evmmhr+jn228MBAd4wB35FkVJI="></latexit><latexit sha1_base64="GoFBtuP3Oc8YV1+Fv3QegiqWHGE="></latexit><latexit sha1_base64="GoFBtuP3Oc8YV1+Fv3QegiqWHGE="></latexit><latexit sha1_base64="Xg6o0hpG+o4FIZaQiXw6yCSjxsw="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s1 ⇡ 0.36
<latexit sha1_base64="ENx00BxWEE9MQ2+Dv67l6Plog7w="></latexit><latexit sha1_base64="6wYuCxcn1rzKl8+soe6kgFSCeVU="></latexit><latexit sha1_base64="6wYuCxcn1rzKl8+soe6kgFSCeVU="></latexit><latexit sha1_base64="x7NjsN1t1pinoTagcgF36Btr/6w="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s2 ⇡ 0.59
<latexit sha1_base64="2Fk1HMgP12HQKqJckdsRfnjClks="></latexit><latexit sha1_base64="ryETOt6UodwNB2Vr9dWEiZeRGl0="></latexit><latexit sha1_base64="ryETOt6UodwNB2Vr9dWEiZeRGl0="></latexit><latexit sha1_base64="Q6bjB+jrFoFWtrnkysjU+WelxMA="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s3 ⇡ 0.74
<latexit sha1_base64="odILiFAdF34e4W2KHhFHFHgzKDk="></latexit><latexit sha1_base64="b4oXaKes2aQqDxOFyvehRENi3WU="></latexit><latexit sha1_base64="b4oXaKes2aQqDxOFyvehRENi3WU="></latexit><latexit sha1_base64="vkka6fevd6Ms25uEUQiUEXHFGmQ="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s4 ⇡ 0.83
<latexit sha1_base64="gPBf/tG2FHo+Fi3MBgoVkceCJVc="></latexit><latexit sha1_base64="Xbf9cDBRV1XTkBlM+edlvT+I1O0="></latexit><latexit sha1_base64="Xbf9cDBRV1XTkBlM+edlvT+I1O0="></latexit><latexit sha1_base64="vb4im//7J1IpGR/8FnbGtWOfEsQ="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s5 ⇡ 0.90
<latexit sha1_base64="3u+3sTCXp3oxXaEO7wewHIwI0TU="></latexit><latexit sha1_base64="SV6ROOYwKEHYFAncN/FFvr3JGtE="></latexit><latexit sha1_base64="SV6ROOYwKEHYFAncN/FFvr3JGtE="></latexit><latexit sha1_base64="0xKplzBkftbFflxCkeIRvmrOX94="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s6 ⇡ 0.96
<latexit sha1_base64="1DBUwgx1N47SemDbmr9EKeQUbhk="></latexit><latexit sha1_base64="Et6uL3in6yQqhZ1QxD84/vW3gdk="></latexit><latexit sha1_base64="Et6uL3in6yQqhZ1QxD84/vW3gdk="></latexit><latexit sha1_base64="JAMMHz9OOk/fA7x0d9U6PA1hhow="></latexit>



Example
Average of 100 runs

exact ground state

mixed state generated 
by the algorithm

pure state generated at 
each run of RM

s7 ⇡ 1.0
<latexit sha1_base64="7GFp74IER37yEG3Y9elYcBWjZnk="></latexit><latexit sha1_base64="CSyO/NZ1lm30NV983oO/kqbRx7E="></latexit><latexit sha1_base64="CSyO/NZ1lm30NV983oO/kqbRx7E="></latexit><latexit sha1_base64="JNLVxXNQCMbfFO0OLCbDibGGV8Y="></latexit>



Example
q = 1000

<latexit sha1_base64="50sPGkzg66H6nLxem2IOV4XC504="></latexit><latexit sha1_base64="lzvsCLV61hgoONxPsaVi6WEYoEE="></latexit><latexit sha1_base64="lzvsCLV61hgoONxPsaVi6WEYoEE="></latexit><latexit sha1_base64="tvyNrk1JFNfRQwY/Z7PsihJI5oc="></latexit>



• Our algorithms are conceptually simple and don't rely on complex subroutines. They only 
use Hamiltonian simulation. 

• The Hamiltonians involved in our algorithms are easily described in terms of the inputs of 
the problem and can be efficiently simulated in a digital QC.

• At most 2 additional ancillas are needed, beyond what is necessary for Hamiltonian 
simulation.

• Phase estimation and VTAA, on the other hand, require several ancillary qubits (beyond 
what is necessary for Hamiltonian simulation) and a lot of controlled operations.

• Our results emphasize the importance of considering models of quantum computing, 
which go beyond the gate-based model, for discovering novel quantum algorithms. 

Conclusions



A variational algorithm

arXiv:1909.05820v2



Variational quantum linear solver

<latexit sha1_base64="s82rLB2+hfws6XXUKWG6uLrgvG0="></latexit>

b
<latexit sha1_base64="s82rLB2+hfws6XXUKWG6uLrgvG0="></latexit>

b

<latexit sha1_base64="s82rLB2+hfws6XXUKWG6uLrgvG0="></latexit>

b



The expectation value of the final Hamiltonian of the adiabatic approach is a valid 
cost function. 

Variational quantum linear solver

<latexit sha1_base64="Vg/pHP4pkNurnM1k+P50fP6glYY="></latexit>

|x(↵)i = V (↵)|0i
<latexit sha1_base64="2Rve/RiFH5y/jbdvmk9aUYDFx8s="></latexit>

CG(↵) = hx(↵) |H|x(↵)i

<latexit sha1_base64="cbXeNVWROW8g8Ob2xyluOQaF9uA="></latexit>

H = AP
?
b A

<latexit sha1_base64="jyhfUjgyw4M98awmW+dPGoD++aQ="></latexit>

CG = 0 () A|x(↵)i / |bi



The expectation value of the final Hamiltonian of the adiabatic approach is a valid 
cost function. 

Variational quantum linear solver

Cost functions with better trainability 
have also been constructed by 
requiring local closeness of the 
quantum states            and      .

<latexit sha1_base64="Th2VkzmxQVR4AW7yumugimzpaj8="></latexit>

A |xi
<latexit sha1_base64="Yq08VTUHzVJNQRKwTPofeA1WtHc="></latexit>

|bi

<latexit sha1_base64="Vg/pHP4pkNurnM1k+P50fP6glYY="></latexit>

|x(↵)i = V (↵)|0i
<latexit sha1_base64="2Rve/RiFH5y/jbdvmk9aUYDFx8s="></latexit>

CG(↵) = hx(↵) |H|x(↵)i

<latexit sha1_base64="cbXeNVWROW8g8Ob2xyluOQaF9uA="></latexit>

H = AP
?
b A

<latexit sha1_base64="jyhfUjgyw4M98awmW+dPGoD++aQ="></latexit>

CG = 0 () A|x(↵)i / |bi



It can be shown that 

This means that in order to guarantee an error less than     , the expectation value 
of the Hamiltonian has to be confirmed to be smaller than  

Operational Meaning of Cost Function

<latexit sha1_base64="hwiRvxSuny0HXCVIdC5TSXZmSBI="></latexit>✏

<latexit sha1_base64="AGb5XmBkL9UntODr6F242ChhbpE="></latexit>

✏2

2 � CG = hx(↵) |H|x(↵)i

<latexit sha1_base64="yDMv9lpTmOUqlN+4TwXfEFLl0VU="></latexit>

2CG � D(|xihx| , |x (↵)ihx (↵) |)2



It can be shown that 

This means that in order to guarantee an error less than     , the expectation value 
of the Hamiltonian has to be confirmed to be smaller than  

Because of sampling noise, this means the number of runs scales as:

Operational Meaning of Cost Function

<latexit sha1_base64="AGb5XmBkL9UntODr6F242ChhbpE="></latexit>

✏2

2 � CG = hx(↵) |H|x(↵)i

<latexit sha1_base64="XXk+tRI1ZI0ldviGz/Td7hKmXgA="></latexit>

Nruns ⇠ 4

✏4

<latexit sha1_base64="hwiRvxSuny0HXCVIdC5TSXZmSBI="></latexit>✏

<latexit sha1_base64="yDMv9lpTmOUqlN+4TwXfEFLl0VU="></latexit>

2CG � D(|xihx| , |x (↵)ihx (↵) |)2



Variational quantum linear solver
Numerical Experiments

Number of iterations 
needed to guarantee 
desired precision is 
linear in n, i.e. log(N).  
Does not account for 
finite sampling 
required for 
achieving precision   .       

<latexit sha1_base64="10TPm5+dC0yEm/+pDIH+/48KEMg="></latexit>

✏ = 0.01

<latexit sha1_base64="Eh9XQMtpGTFeH0giHVpKljTdrfI="></latexit>

= log(N)



Variational quantum linear solverVariational quantum linear solver
Experiments on Rigetti’s QPU

(1024x1024)



Conclusions
• Largest implementation on real hardware:                qubits, 

• Numerical solution to non-trivial problems of size up to 

• Efficient circuits for cost function evaluation

• Trainable local cost functions

• Conditions that guarantee desired error

• Heuristically analyzed scaling with respect to                  . 

<latexit sha1_base64="Y2Xv7VtuKp1heExk+9vlaBtUjbw="></latexit>

250 ⇥ 250

<latexit sha1_base64="F1RMSUFLgqgHQWYc31W5lL2sOu4="></latexit>

1024⇥ 1024
<latexit sha1_base64="HZGteavX7JEQ78LiNzzm3TqEFfw="></latexit>

n = 10

<latexit sha1_base64="6MARXsfEq0+mtxTgY+RXUU2YWeo="></latexit>

✏, , N



Complexity of verification



Given arbitrarily many copies of     , output a random bit      as follows: 

where                                              is the trace distance which is a measure of 
distinguishability between two quantum states.

Quantum State Verification (QSV) Problem

Pr(r = 1)

⇢
� 2/3 if D⇢,x  1/8 ,
 1/3 if D⇢,x > 1/2 .

<latexit sha1_base64="T8x/37h89jYVvesUe4hhShGunmM="></latexit>

⇢

<latexit sha1_base64="P1T1yPpVv1K9aBG96kKa11yadR0=">AAACHnicbVDLSgNBEJz1GddX1KOXwRCIl7ArEfWmePGkEYwK2RBmJ73JkNmdZaZXCEu+xIu/4sWDIoIn/Rsnj4Ovgoaaqm6mu8JUCoOe9+nMzM7NLywWltzlldW19eLG5rVRmebQ4EoqfRsyA1Ik0ECBEm5TDSwOJdyE/dORf3MH2giVXOEghVbMuomIBGdopXZxvxygkB3IL4aBhAgrgVTdyvkuDfosTVmgRbeHu2558nTLJ26ge6pdLHlVbwz6l/hTUiJT1NvF96CjeBZDglwyY5q+l2IrZxoFlzB0g8xAynifdaFpacJiMK18fN6Qlq3SoZHSthKkY/X7RM5iYwZxaDtjhj3z2xuJ/3nNDKPDVi6SNENI+OSjKJMUFR1lRTtCA0c5sIRxLeyulPeYZhxtoq4Nwf998l9yvVf1a9Wjy1rp+HAaR4Fskx1SIT45IMfkjNRJg3ByTx7JM3lxHpwn59V5m7TOONOZLfIDzscXqiag6A==</latexit>

r

<latexit sha1_base64="Z8k9KL8/8iEkra5Q9P7n1WhukFA="></latexit>

|xi

⇢

⇢

<latexit sha1_base64="M3wMMpLLMDVLxLCw9GhK9apxvvY="></latexit>

D⇢,x =
1

2
Tr|⇢� |xihx||



Protocol for QSV

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

Inputs: and

Output: A quantum operation       

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="FNlZ2RZDKcxoeyaoPPJBexO8SPM="></latexit>

~b

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A



Protocol for QSV

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

Inputs: and

Output: A quantum operation     
takes as input      copies of    and outputs a single bit 

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="FNlZ2RZDKcxoeyaoPPJBexO8SPM="></latexit>

~b

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

<latexit sha1_base64="wMfHWLlRhafdUOvYZNViklu9la0="></latexit>r
<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E <latexit sha1_base64="cGMOvn3QumC81u5AVE5oXdJPUi8="></latexit>m <latexit sha1_base64="cyrkXjsfpIWey5hRFi/PvBmjLvk="></latexit>⇢



Protocol for QSV

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

Pr(r = 1)

⇢
� 2/3 if D⇢,x  1/8 ,
 1/3 if D⇢,x > 1/2 .

<latexit sha1_base64="T8x/37h89jYVvesUe4hhShGunmM="></latexit>

We want:



Main result: Consider any instance of the QLSP, specified by     and    , and any 
protocol for QSV as described. Then, for all quantum states     that satisfy                       , 
the number of            's required to implement      on input                       satisfies  

Arbitrary Instances

D⇢,x  1/8

<latexit sha1_base64="FlqVzWqOqd434QCD4LamftwUu6g="></latexit>

cU±1
b

<latexit sha1_base64="j90iRts2MMXlPJji6t5h/ObNhDw="></latexit>

�0 = ⇢⌦m

<latexit sha1_base64="aVmxOTsDzBaiNXGSIYeiMdusy9o="></latexit>

E

<latexit sha1_base64="X3iZVS9xobvDOWF8GbmDVQ7taB8="></latexit>

A

<latexit sha1_base64="C0UrgttZrr1pMGn+e1+dd5Sb84g="></latexit>

~b

<latexit sha1_base64="9dJync0Bf3KDGFoR/GXl6hcgtTQ="></latexit>

<latexit sha1_base64="cyrkXjsfpIWey5hRFi/PvBmjLvk="></latexit>⇢

<latexit sha1_base64="G4Du54FJvELxaCGoAJz65IYvu7k="></latexit>

Pr

✓
qA,b >

1

13



kA�1 |bi k

◆
� 1

6
.

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

Number of       sdneeded for 
QSV for a given instance.

<latexit sha1_base64="g4bE9f15xw5uvp5fGzqA8nZwEss="></latexit>

cU±1
b



Main result: Consider any instance of the QLSP, specified by     and    , and any 
protocol for QSV as described. Then, for all quantum states     that satisfy                       , 
the number of            's required to implement      on input                       satisfies  

Worst-Case

D⇢,x  1/8

<latexit sha1_base64="FlqVzWqOqd434QCD4LamftwUu6g="></latexit>

cU±1
b

<latexit sha1_base64="j90iRts2MMXlPJji6t5h/ObNhDw="></latexit>

�0 = ⇢⌦m

<latexit sha1_base64="aVmxOTsDzBaiNXGSIYeiMdusy9o="></latexit>

A

<latexit sha1_base64="C0UrgttZrr1pMGn+e1+dd5Sb84g="></latexit>

~b

<latexit sha1_base64="9dJync0Bf3KDGFoR/GXl6hcgtTQ="></latexit>

<latexit sha1_base64="cyrkXjsfpIWey5hRFi/PvBmjLvk="></latexit>⇢

<latexit sha1_base64="G4Du54FJvELxaCGoAJz65IYvu7k="></latexit>

Pr

✓
qA,b >

1

13



kA�1 |bi k

◆
� 1

6
.

E

<latexit sha1_base64="X3iZVS9xobvDOWF8GbmDVQ7taB8="></latexit>

1  kA�1|bik  

worst case best case



Main result: Consider any instance of the QLSP, specified by     and    , and any 
protocol for QSV as described. Then, for all quantum states     that satisfy                       , 
the number of            's required to implement      on input                       satisfies  

Worst case: There exist instances of the QLSP such that 

Worst-Case

D⇢,x  1/8

<latexit sha1_base64="FlqVzWqOqd434QCD4LamftwUu6g="></latexit>

cU±1
b

<latexit sha1_base64="j90iRts2MMXlPJji6t5h/ObNhDw="></latexit>

�0 = ⇢⌦m

<latexit sha1_base64="aVmxOTsDzBaiNXGSIYeiMdusy9o="></latexit>

A

<latexit sha1_base64="C0UrgttZrr1pMGn+e1+dd5Sb84g="></latexit>

~b

<latexit sha1_base64="9dJync0Bf3KDGFoR/GXl6hcgtTQ="></latexit>

<latexit sha1_base64="cyrkXjsfpIWey5hRFi/PvBmjLvk="></latexit>⇢

<latexit sha1_base64="G4Du54FJvELxaCGoAJz65IYvu7k="></latexit>

Pr

✓
qA,b >

1

13



kA�1 |bi k

◆
� 1

6
.

<latexit sha1_base64="tAvNq/6YL4A2gL215CmitVno5u8="></latexit>

Pr

✓
qA,b >

1

13


◆
� 1

6
.

E

<latexit sha1_base64="X3iZVS9xobvDOWF8GbmDVQ7taB8="></latexit>



Main result: Consider any instance of the QLSP, specified by     and    , and any 
protocol for QSV as described. Then, for all quantum states     that satisfy                       , 
the number of            's required to implement      on input                       satisfies  

Worst case: There exist instances of the QLSP such that 

Worst-Case

D⇢,x  1/8

<latexit sha1_base64="FlqVzWqOqd434QCD4LamftwUu6g="></latexit>

cU±1
b

<latexit sha1_base64="j90iRts2MMXlPJji6t5h/ObNhDw="></latexit>

�0 = ⇢⌦m

<latexit sha1_base64="aVmxOTsDzBaiNXGSIYeiMdusy9o="></latexit>

A

<latexit sha1_base64="C0UrgttZrr1pMGn+e1+dd5Sb84g="></latexit>

~b

<latexit sha1_base64="9dJync0Bf3KDGFoR/GXl6hcgtTQ="></latexit>

<latexit sha1_base64="cyrkXjsfpIWey5hRFi/PvBmjLvk="></latexit>⇢

<latexit sha1_base64="G4Du54FJvELxaCGoAJz65IYvu7k="></latexit>

Pr

✓
qA,b >

1

13



kA�1 |bi k

◆
� 1

6
.

<latexit sha1_base64="tAvNq/6YL4A2gL215CmitVno5u8="></latexit>

Pr

✓
qA,b >

1

13


◆
� 1

6
.

E

<latexit sha1_base64="X3iZVS9xobvDOWF8GbmDVQ7taB8="></latexit>

Verification of solution 
is asymptotically as hard 
as solving the problem!



For given input state        we construct another state         which is close to it, but 
such that the corresponding solutions of QLSP,        and         are as far from each 
other as possible. 

Outline of Proof (Worst-Case)
|bi

<latexit sha1_base64="7XvfcsJKjEicym75mqRHOASUS0k="></latexit>

|b0i

<latexit sha1_base64="pcPLxbG9JRC0BVrG+3ByCVtjk0U="></latexit>

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

|x0i

<latexit sha1_base64="Ejk/KJM/XDZ8TDT6HUZg9XpAIT4="></latexit>

|bi |xi

|x0i

⇢|b0i



For given input state        we construct another state         which is close to it, but 
such that the corresponding solutions of QLSP,        and         are as far from each 
other as possible. 

Let                              with                         and                    . Consider this instance:

A similar instance is given by:

Outline of Proof (Worst-Case)
|bi

<latexit sha1_base64="7XvfcsJKjEicym75mqRHOASUS0k="></latexit>

|b0i

<latexit sha1_base64="pcPLxbG9JRC0BVrG+3ByCVtjk0U="></latexit>

A |�i = � |�i

<latexit sha1_base64="4Bh3lBi3EXI9F/7EKZMU4d+I7Kg="></latexit>

|bi / |� = 1i+ 1


|� =

1


i

<latexit sha1_base64="K7tAnN2i2iIGwTIptLz2JQZhvPQ="></latexit>

|b0i / |� = 1i � 1


|� =

1


i

<latexit sha1_base64="jMapTisjBkZMddBWnK+z3TV3hnM="></latexit>

|x0i / |� = 1i � |� =
1


i

<latexit sha1_base64="sVJhhhb0Nvi/aYqcRqPyXHciAQY="></latexit>

|xi / |� = 1i+ |� =
1


i

<latexit sha1_base64="JpU2WODm92k8Ic20WVfvuOd3BIg="></latexit>

�min=1/

<latexit sha1_base64="C45Opf0W3MGI5ilzxvhHB5g/H6Q="></latexit>

�max=1

<latexit sha1_base64="nN4r0IeeL+NapuHXjdIYtcCP9Kw="></latexit>

|bi |xi

|x0i

⇢|b0i

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

|x0i

<latexit sha1_base64="Ejk/KJM/XDZ8TDT6HUZg9XpAIT4="></latexit>



For given input state        we construct another state         which is close to it, but 
such that the corresponding solutions of QLSP,        and         are as far from each 
other as possible. 

Let                              with                         and                    . Consider this instance:

A similar instance is given by:

Also                                                                                                         .

If                      :         QSV for                   should accept   

QSV for                    should reject

Outline of Proof (Worst-Case)
|bi

<latexit sha1_base64="7XvfcsJKjEicym75mqRHOASUS0k="></latexit>

|b0i

<latexit sha1_base64="pcPLxbG9JRC0BVrG+3ByCVtjk0U="></latexit>

A |�i = � |�i

<latexit sha1_base64="4Bh3lBi3EXI9F/7EKZMU4d+I7Kg="></latexit>

|bi / |� = 1i+ 1


|� =

1


i

<latexit sha1_base64="K7tAnN2i2iIGwTIptLz2JQZhvPQ="></latexit>

|b0i / |� = 1i � 1


|� =

1


i

<latexit sha1_base64="jMapTisjBkZMddBWnK+z3TV3hnM="></latexit>

|x0i / |� = 1i � |� =
1


i

<latexit sha1_base64="sVJhhhb0Nvi/aYqcRqPyXHciAQY="></latexit>

|xi / |� = 1i+ |� =
1


i

<latexit sha1_base64="JpU2WODm92k8Ic20WVfvuOd3BIg="></latexit>

�min=1/

<latexit sha1_base64="C45Opf0W3MGI5ilzxvhHB5g/H6Q="></latexit>

�max=1

<latexit sha1_base64="nN4r0IeeL+NapuHXjdIYtcCP9Kw="></latexit>

k |b0i � |bi k = O(1/)

<latexit sha1_base64="/Uu3S/r5pnDHQYUVfFoojw5KJqU="></latexit>

kUb0 � Ubk = O(1/)

<latexit sha1_base64="9zuPzU7OzPubYLT4vfAPOk6UZSY="></latexit>

⇢ = |xihx|

<latexit sha1_base64="X2kdISFuh3wVW647Qr7LJP0jqMc="></latexit>

A~x = ~b

<latexit sha1_base64="hK7dPnJWTaIng98i9ip44QGHAsA="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

A~x0 = ~b0

<latexit sha1_base64="QVcKxlomdQTSQkVFrNlOIBNUUEw="></latexit>

|bi |xi

|x0i

⇢|b0i

<latexit sha1_base64="wLU75fImGprxLFNLu+0SRrgSAbE="></latexit>

=) 9

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

|x0i

<latexit sha1_base64="Ejk/KJM/XDZ8TDT6HUZg9XpAIT4="></latexit>



For given input state        we construct another state         which is close to it, but 
such that the corresponding solutions of QLSP,        and         are as far from each 
other as possible. 

Also                                                                                                         .

If                      :         QSV for                   should accept   

QSV for                    should reject

Outline of Proof (Worst-Case)
|bi

<latexit sha1_base64="7XvfcsJKjEicym75mqRHOASUS0k="></latexit>

|b0i

<latexit sha1_base64="pcPLxbG9JRC0BVrG+3ByCVtjk0U="></latexit>

k |b0i � |bi k = O(1/)

<latexit sha1_base64="/Uu3S/r5pnDHQYUVfFoojw5KJqU="></latexit>

⇢ = |xihx|

<latexit sha1_base64="X2kdISFuh3wVW647Qr7LJP0jqMc="></latexit>

A~x = ~b

<latexit sha1_base64="hK7dPnJWTaIng98i9ip44QGHAsA="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

A~x0 = ~b0

<latexit sha1_base64="QVcKxlomdQTSQkVFrNlOIBNUUEw="></latexit>

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

QSV for      and
<latexit sha1_base64="TN8Ha7YbOIoRUy8MF5/LguABH84="></latexit>

A
<latexit sha1_base64="Z4+LjdIcxQ92By8H911KeEpJHQ4="></latexit>

b

kUb0 � Ubk = O(1/)

<latexit sha1_base64="9zuPzU7OzPubYLT4vfAPOk6UZSY="></latexit>

<latexit sha1_base64="wLU75fImGprxLFNLu+0SRrgSAbE="></latexit>

=) 9

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

|x0i

<latexit sha1_base64="Ejk/KJM/XDZ8TDT6HUZg9XpAIT4="></latexit>

|bi |xi

|x0i

⇢|b0i



For given input state        we construct another state         which is close to it, but 
such that the corresponding solutions of QLSP,        and         are as far from each 
other as possible. 

Also                                                                                                         .

If                      :         QSV for                   should accept   

QSV for                    should reject

Outline of Proof (Worst-Case)
|bi

<latexit sha1_base64="7XvfcsJKjEicym75mqRHOASUS0k="></latexit>

|b0i

<latexit sha1_base64="pcPLxbG9JRC0BVrG+3ByCVtjk0U="></latexit>

k |b0i � |bi k = O(1/)

<latexit sha1_base64="/Uu3S/r5pnDHQYUVfFoojw5KJqU="></latexit>

⇢ = |xihx|

<latexit sha1_base64="X2kdISFuh3wVW647Qr7LJP0jqMc="></latexit>

A~x = ~b

<latexit sha1_base64="hK7dPnJWTaIng98i9ip44QGHAsA="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

A~x0 = ~b0

<latexit sha1_base64="QVcKxlomdQTSQkVFrNlOIBNUUEw="></latexit>

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

QSV for      and
<latexit sha1_base64="TN8Ha7YbOIoRUy8MF5/LguABH84="></latexit>

A
<latexit sha1_base64="xG5GnIFfV/uZay2k5p25bs3ZHWs="></latexit>

b0

<latexit sha1_base64="zOWqG1aImgi405Jo3InNhbx25tY="></latexit>0 <latexit sha1_base64="zOWqG1aImgi405Jo3InNhbx25tY="></latexit>0 <latexit sha1_base64="zOWqG1aImgi405Jo3InNhbx25tY="></latexit>0

kUb0 � Ubk = O(1/)

<latexit sha1_base64="9zuPzU7OzPubYLT4vfAPOk6UZSY="></latexit>

<latexit sha1_base64="wLU75fImGprxLFNLu+0SRrgSAbE="></latexit>

=) 9

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

|x0i

<latexit sha1_base64="Ejk/KJM/XDZ8TDT6HUZg9XpAIT4="></latexit>

|bi |xi

|x0i

⇢|b0i



For given input state        we construct another state         which is close to it, but 
such that the corresponding solutions of QLSP,        and         are as far from each 
other as possible. 

Also .

If                      :         QSV for                   should accept   

QSV for                    should reject

Outline of Proof (Worst-Case)
|bi

<latexit sha1_base64="7XvfcsJKjEicym75mqRHOASUS0k="></latexit>

|b0i

<latexit sha1_base64="pcPLxbG9JRC0BVrG+3ByCVtjk0U="></latexit>

k |b0i � |bi k = O(1/)

<latexit sha1_base64="/Uu3S/r5pnDHQYUVfFoojw5KJqU="></latexit>

⇢ = |xihx|

<latexit sha1_base64="X2kdISFuh3wVW647Qr7LJP0jqMc="></latexit>

A~x = ~b

<latexit sha1_base64="hK7dPnJWTaIng98i9ip44QGHAsA="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

⇢

<latexit sha1_base64="K0WooBM4eXOYqAuAn1UBoyoEuKQ="></latexit>

QSV alg. has to query the 
oracle           times.⌦()

<latexit sha1_base64="98zt5TPrj3PfvymYIGWUoLx1GWg="></latexit>

A~x0 = ~b0

<latexit sha1_base64="QVcKxlomdQTSQkVFrNlOIBNUUEw="></latexit>

r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

<latexit sha1_base64="u5gBgLI0ZLCNPjvgDirSjcJud1M="></latexit>

E

<latexit sha1_base64="zOWqG1aImgi405Jo3InNhbx25tY="></latexit>0 <latexit sha1_base64="zOWqG1aImgi405Jo3InNhbx25tY="></latexit>0 <latexit sha1_base64="zOWqG1aImgi405Jo3InNhbx25tY="></latexit>0

kUb0 � Ubk = O(1/)

<latexit sha1_base64="9zuPzU7OzPubYLT4vfAPOk6UZSY="></latexit>

<latexit sha1_base64="wLU75fImGprxLFNLu+0SRrgSAbE="></latexit>

=) 9

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

|x0i

<latexit sha1_base64="Ejk/KJM/XDZ8TDT6HUZg9XpAIT4="></latexit>



Typical Instances
For typical instances we show that kA�1|bik ⇠

p


r⇢⌦m

U±1
b U±1

b U±1
b

E1 E2 Eq

�1 �2 �q

...

...

...

�q+1

Eq+1

�0 =
F1 F2 Fq+1

<latexit sha1_base64="O7co6dzQwqv+KYMshcSb+bX07KI="></latexit>

Pr

✓
qA,b >

1

16

p


◆
� 1� 4e�cN/

6
.



Prepare and Measure:

Prepare and Measure Scheme

⇢⌦m �1 ...
�0 =

|bi

<latexit sha1_base64="bXTcQRgh09gGxKm87Y8tk91nxxQ=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QUG8BLx4jmAckS5id9CbDzj6Y6RXCkpNf4FW/wJt49Uv8AP/D2WQPJrGgoajqprvLS6TQaNvf1sbm1vbObmmvvH9weHRcOTnt6DhVHNo8lrHqeUyDFBG0UaCEXqKAhZ6Erhfc5X73CZQWcfSI0wTckI0j4QvO0EjdQQCYebNhpWrX7DnoOnEKUiUFWsPKz2AU8zSECLlkWvcdO0E3YwoFlzArD1INCeMBG0Pf0IiFoN1sfu6MXhplRP1YmYqQztW/ExkLtZ6GnukMGU70qpeL/3n9FP0bNxNRkiJEfLHITyXFmOa/05FQwFFODWFcCXMr5ROmGEeT0NIWTzGTTJ6Ls5rCOunUa06jdvvQqDbrRUIlck4uyBVxyDVpknvSIm3CSUBeyCt5s56td+vD+ly0bljFzBlZgvX1C1SQmA4=</latexit>

...

|bi

<latexit sha1_base64="bXTcQRgh09gGxKm87Y8tk91nxxQ=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QUG8BLx4jmAckS5id9CbDzj6Y6RXCkpNf4FW/wJt49Uv8AP/D2WQPJrGgoajqprvLS6TQaNvf1sbm1vbObmmvvH9weHRcOTnt6DhVHNo8lrHqeUyDFBG0UaCEXqKAhZ6Erhfc5X73CZQWcfSI0wTckI0j4QvO0EjdQQCYebNhpWrX7DnoOnEKUiUFWsPKz2AU8zSECLlkWvcdO0E3YwoFlzArD1INCeMBG0Pf0IiFoN1sfu6MXhplRP1YmYqQztW/ExkLtZ6GnukMGU70qpeL/3n9FP0bNxNRkiJEfLHITyXFmOa/05FQwFFODWFcCXMr5ROmGEeT0NIWTzGTTJ6Ls5rCOunUa06jdvvQqDbrRUIlck4uyBVxyDVpknvSIm3CSUBeyCt5s56td+vD+ly0bljFzBlZgvX1C1SQmA4=</latexit>

|bi

<latexit sha1_base64="bXTcQRgh09gGxKm87Y8tk91nxxQ=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QUG8BLx4jmAckS5id9CbDzj6Y6RXCkpNf4FW/wJt49Uv8AP/D2WQPJrGgoajqprvLS6TQaNvf1sbm1vbObmmvvH9weHRcOTnt6DhVHNo8lrHqeUyDFBG0UaCEXqKAhZ6Erhfc5X73CZQWcfSI0wTckI0j4QvO0EjdQQCYebNhpWrX7DnoOnEKUiUFWsPKz2AU8zSECLlkWvcdO0E3YwoFlzArD1INCeMBG0Pf0IiFoN1sfu6MXhplRP1YmYqQztW/ExkLtZ6GnukMGU70qpeL/3n9FP0bNxNRkiJEfLHITyXFmOa/05FQwFFODWFcCXMr5ROmGEeT0NIWTzGTTJ6Ls5rCOunUa06jdvvQqDbrRUIlck4uyBVxyDVpknvSIm3CSUBeyCt5s56td+vD+ly0bljFzBlZgvX1C1SQmA4=</latexit>

...
...

�j

<latexit sha1_base64="Uqpdydbc/m3InW429juZD8S5aXE=">AAACAnicbVDLSgNBEJyNrxhfUY9eFoPgKeyGgHoLePEYwTwgWULvZJKMmZldZnqFsOTmF3jVL/AmXv0RP8D/cJLswSQWNBRV3XR3hbHgBj3v28ltbG5t7+R3C3v7B4dHxeOTpokSTVmDRiLS7RAME1yxBnIUrB1rBjIUrBWOb2d+64lpwyP1gJOYBRKGig84BbRSu2v4UELvsVcseWVvDned+BkpkQz1XvGn249oIplCKsCYju/FGKSgkVPBpoVuYlgMdAxD1rFUgWQmSOf3Tt0Lq/TdQaRtKXTn6t+JFKQxExnaTgk4MqveTPzP6yQ4uA5SruIEmaKLRYNEuBi5s+fdPteMophYAlRze6tLR6CBoo1oaUuoYcxwanPxV1NYJ81K2a+Wb+6rpVolSyhPzsg5uSQ+uSI1ckfqpEEoEeSFvJI359l5dz6cz0VrzslmTskSnK9f27eYVA==</latexit>

r

<latexit sha1_base64="OhLimqdwg/FsJTSdczuZJKuV3c4=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePGYgHlAsoTZSScZMju7zMwKYdkv8Kpf4E28+jF+gP/hJNmDJhY0FFXddHcFseDauO6XU9ja3tndK+6XDg6Pjk/Kp2cdHSWKYZtFIlK9gGoUXGLbcCOwFyukYSCwG8zuF373CZXmkXw08xj9kE4kH3NGjZVaaliuuFV3CbJJvJxUIEdzWP4ejCKWhCgNE1TrvufGxk+pMpwJzEqDRGNM2YxOsG+ppCFqP10empErq4zIOFK2pCFL9fdESkOt52FgO0NqpnrdW4j/ef3EjG/9lMs4MSjZatE4EcREZPE1GXGFzIi5JZQpbm8lbEoVZcZm82dLoOgMTWZz8dZT2CSdWtWrV+9a9UqjlidUhAu4hGvw4AYa8ABNaAMDhGd4gVcnc96cd+dj1Vpw8plz+APn8wdnnpVK</latexit>

�q

<latexit sha1_base64="KDvU0YS64W7ZIIPn+cZ1HFGrGj4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWsB/QLiWbZtvQJLtNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3c381hPThsfq0U4SFkgyUDzilFgntbuGDyTpjXvlilf15sCrxM9JBXLUe+Wvbj+mqWTKUkGM6fheYoOMaMupYNNSNzUsIXREBqzjqCKSmSCb3zvFZ07p4yjWrpTFc/X3REakMRMZuk5J7NAsezPxP6+T2ug6yLhKUssUXSyKUoFtjGfP4z7XjFoxcYRQzd2tmA6JJtS6iEouBH/55VXSvKj6l9Wbh8tK7TaPowgncArn4MMV1OAe6tAACgKe4RXe0Bi9oHf0sWgtoHzmGP4Aff4AKrSQEw==</latexit>

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A

<latexit sha1_base64="AuXsliwUzZAQQPxFy2DLQBWHT1I="></latexit>

Pr

✓
qA,b >

1

150

2

kA�1 |bi k2

◆
� 1

6
.

Number of copies of      
sdsneeded for QSV 
for a given instance.

<latexit sha1_base64="8JJOn5Qb/NvWDAt9ffizlFEIKGI="></latexit>

|bi



Prepare and Measure:

Recall: Using Unitaries:                                                                          (Quadratically better)

Prepare and Measure Scheme

<latexit sha1_base64="AuXsliwUzZAQQPxFy2DLQBWHT1I="></latexit>

Pr

✓
qA,b >

1

150

2

kA�1 |bi k2

◆
� 1

6
.

<latexit sha1_base64="G4Du54FJvELxaCGoAJz65IYvu7k="></latexit>

Pr

✓
qA,b >

1

13



kA�1 |bi k

◆
� 1

6
.

⇢⌦m �1 ...
�0 =

|bi

<latexit sha1_base64="bXTcQRgh09gGxKm87Y8tk91nxxQ=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QUG8BLx4jmAckS5id9CbDzj6Y6RXCkpNf4FW/wJt49Uv8AP/D2WQPJrGgoajqprvLS6TQaNvf1sbm1vbObmmvvH9weHRcOTnt6DhVHNo8lrHqeUyDFBG0UaCEXqKAhZ6Erhfc5X73CZQWcfSI0wTckI0j4QvO0EjdQQCYebNhpWrX7DnoOnEKUiUFWsPKz2AU8zSECLlkWvcdO0E3YwoFlzArD1INCeMBG0Pf0IiFoN1sfu6MXhplRP1YmYqQztW/ExkLtZ6GnukMGU70qpeL/3n9FP0bNxNRkiJEfLHITyXFmOa/05FQwFFODWFcCXMr5ROmGEeT0NIWTzGTTJ6Ls5rCOunUa06jdvvQqDbrRUIlck4uyBVxyDVpknvSIm3CSUBeyCt5s56td+vD+ly0bljFzBlZgvX1C1SQmA4=</latexit>

...

|bi

<latexit sha1_base64="bXTcQRgh09gGxKm87Y8tk91nxxQ=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QUG8BLx4jmAckS5id9CbDzj6Y6RXCkpNf4FW/wJt49Uv8AP/D2WQPJrGgoajqprvLS6TQaNvf1sbm1vbObmmvvH9weHRcOTnt6DhVHNo8lrHqeUyDFBG0UaCEXqKAhZ6Erhfc5X73CZQWcfSI0wTckI0j4QvO0EjdQQCYebNhpWrX7DnoOnEKUiUFWsPKz2AU8zSECLlkWvcdO0E3YwoFlzArD1INCeMBG0Pf0IiFoN1sfu6MXhplRP1YmYqQztW/ExkLtZ6GnukMGU70qpeL/3n9FP0bNxNRkiJEfLHITyXFmOa/05FQwFFODWFcCXMr5ROmGEeT0NIWTzGTTJ6Ls5rCOunUa06jdvvQqDbrRUIlck4uyBVxyDVpknvSIm3CSUBeyCt5s56td+vD+ly0bljFzBlZgvX1C1SQmA4=</latexit>

|bi

<latexit sha1_base64="bXTcQRgh09gGxKm87Y8tk91nxxQ=">AAACAXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QUG8BLx4jmAckS5id9CbDzj6Y6RXCkpNf4FW/wJt49Uv8AP/D2WQPJrGgoajqprvLS6TQaNvf1sbm1vbObmmvvH9weHRcOTnt6DhVHNo8lrHqeUyDFBG0UaCEXqKAhZ6Erhfc5X73CZQWcfSI0wTckI0j4QvO0EjdQQCYebNhpWrX7DnoOnEKUiUFWsPKz2AU8zSECLlkWvcdO0E3YwoFlzArD1INCeMBG0Pf0IiFoN1sfu6MXhplRP1YmYqQztW/ExkLtZ6GnukMGU70qpeL/3n9FP0bNxNRkiJEfLHITyXFmOa/05FQwFFODWFcCXMr5ROmGEeT0NIWTzGTTJ6Ls5rCOunUa06jdvvQqDbrRUIlck4uyBVxyDVpknvSIm3CSUBeyCt5s56td+vD+ly0bljFzBlZgvX1C1SQmA4=</latexit>

...
...

�j

<latexit sha1_base64="Uqpdydbc/m3InW429juZD8S5aXE=">AAACAnicbVDLSgNBEJyNrxhfUY9eFoPgKeyGgHoLePEYwTwgWULvZJKMmZldZnqFsOTmF3jVL/AmXv0RP8D/cJLswSQWNBRV3XR3hbHgBj3v28ltbG5t7+R3C3v7B4dHxeOTpokSTVmDRiLS7RAME1yxBnIUrB1rBjIUrBWOb2d+64lpwyP1gJOYBRKGig84BbRSu2v4UELvsVcseWVvDned+BkpkQz1XvGn249oIplCKsCYju/FGKSgkVPBpoVuYlgMdAxD1rFUgWQmSOf3Tt0Lq/TdQaRtKXTn6t+JFKQxExnaTgk4MqveTPzP6yQ4uA5SruIEmaKLRYNEuBi5s+fdPteMophYAlRze6tLR6CBoo1oaUuoYcxwanPxV1NYJ81K2a+Wb+6rpVolSyhPzsg5uSQ+uSI1ckfqpEEoEeSFvJI359l5dz6cz0VrzslmTskSnK9f27eYVA==</latexit>

r

<latexit sha1_base64="OhLimqdwg/FsJTSdczuZJKuV3c4=">AAAB+3icbVDLSgNBEOyNrxhfUY9eBoPgKeyGgHoLePGYgHlAsoTZSScZMju7zMwKYdkv8Kpf4E28+jF+gP/hJNmDJhY0FFXddHcFseDauO6XU9ja3tndK+6XDg6Pjk/Kp2cdHSWKYZtFIlK9gGoUXGLbcCOwFyukYSCwG8zuF373CZXmkXw08xj9kE4kH3NGjZVaaliuuFV3CbJJvJxUIEdzWP4ejCKWhCgNE1TrvufGxk+pMpwJzEqDRGNM2YxOsG+ppCFqP10empErq4zIOFK2pCFL9fdESkOt52FgO0NqpnrdW4j/ef3EjG/9lMs4MSjZatE4EcREZPE1GXGFzIi5JZQpbm8lbEoVZcZm82dLoOgMTWZz8dZT2CSdWtWrV+9a9UqjlidUhAu4hGvw4AYa8ABNaAMDhGd4gVcnc96cd+dj1Vpw8plz+APn8wdnnpVK</latexit>

�q

<latexit sha1_base64="KDvU0YS64W7ZIIPn+cZ1HFGrGj4=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoN6KXjxWsB/QLiWbZtvQJLtNskJZ+ie8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3c381hPThsfq0U4SFkgyUDzilFgntbuGDyTpjXvlilf15sCrxM9JBXLUe+Wvbj+mqWTKUkGM6fheYoOMaMupYNNSNzUsIXREBqzjqCKSmSCb3zvFZ07p4yjWrpTFc/X3REakMRMZuk5J7NAsezPxP6+T2ug6yLhKUssUXSyKUoFtjGfP4z7XjFoxcYRQzd2tmA6JJtS6iEouBH/55VXSvKj6l9Wbh8tK7TaPowgncArn4MMV1OAe6tAACgKe4RXe0Bi9oHf0sWgtoHzmGP4Aff4AKrSQEw==</latexit>

<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A
<latexit sha1_base64="/bm/6J+0tOI+Ow10gG9lswhMk8k="></latexit>

A



Conclusions
• Our results place limitations for QLSP algorithms that require a verification step, such as 

known variational algorithms. 
• Even disregarding the complexity of the optimization loop, the asymptotic complexity of the 

verification step alone is at least that of optimal algorithms for solving QLSP. 
• For example, high precision cost function evaluation necessitates quantum circuits to be 

executed many times and with high fidelity. The latter suggests that quantum error 
correction will be needed. 

• is treated as a "black box" and no assumption is made on the inner workings of such 
unitaries. If such knowledge is provided, it may be exploited for more efficient QSV and for 
solving the QLSP faster.

Future directions:
• Relaxations of the QLSP that circumvent our bounds (i.e. goal is not to prepare       ).
• Analyze the complexity of QSV in terms of resources other than .
• Generalize and apply our proof technique to related state-verification problems. 

cU±1
b

<latexit sha1_base64="j90iRts2MMXlPJji6t5h/ObNhDw="></latexit>

|xi

<latexit sha1_base64="TfRjltkNWsRbZhHYisSX5L+8/SU="></latexit>

<latexit sha1_base64="ZT109w9tv9BgqCUK4XOGfs7jryE="></latexit>

Ub



Thank You!


